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Two-Particle Irreducible Effective Action
in Gauge Theories

E. A. Calzetta!

The goal of this paper is to develop the formalism of the two-particle irreducible (2PI)
(G. Baym (1962). Physical Review 127, 1391; H. D. Dahmen and G. Jona Lasino
(1962). Nuovo Cimento A 52, 807; C. de Dominicis and P. Martin (1964). Journal of
Mathematical Physics S, 14; J. Luttinger and J. Ward (1960). Physical Review 118,
1417; B. Vanderheyden and G. Baym (1998). Journal of Statistical Physics 98, 843; B.
Vanderheyden and G. Baym (2000). In Progress in Nonequilibrium Green’s Functions,
World Scientific, Singapore). (or Cornwall-Jackiw—Tomboulis (CJT) (J. Cornwall, R.
Jackiw, and E. Tomboulis (1974). Physical Review D 10, 2428; U. Kraemmer and A.
Rebhan (2004). Reports on Progress in Physics 67, 351; R. Norton and J. Cornwall
(1975). Annals of Physics 91, 106) effective action (EA) in a way appropiate to its
application to nonequilibrium gauge theories. We hope this review article will stimulate
new work into this field.
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1. INTRODUCTION

The goal of this paper is to develop the formalism of the two-particle ir-
reducible (2PI) (Baym, 1962; Dahmen and Jona Lasino, 1962; de Dominicis
and Martin, 1964; Luttinger and Ward, 1960; Vanderheyden and Baym, 1998;
Vanderheyden and Baym, 2000) (or Cornwall-Jackiw—Tomboulis (CJT)
(Cornwall et al., 1974; Kraemnaer and Rebhan, 2004; Norton and Cornwall, 1975)
effective action (EA) in a way appropiate to its application to nonequilibrium gauge
theories. The usual formulation of the 2PIEA cannot be extended to these theories
because of the special features of gauge invariance. There are two difficulties in
particular which require consideration, namely, the existence of constraints link-
ing the Schwinger functions of the theory among themselves (Mottola, 2003),
and the peculiarities of the gauge-fixing procedure. The former are expressed by
the so-called Takahashi—Ward or Slavnov—Taylor identities, which in turn derive
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from the Zinn-Justin equation (see below) (Zinn-Justin, 1989). The latter raises
the issue, exclusive to gauge theories, of the gauge-fixing dependence of theoret-
ical constructs (Arrizabalaga and Smith, 2002; Baier et al., 1992; Gerhold and
Rebhan, 2003; Kobes et al., 1991; Kobes and Kunstatter, 1989; Nielson, 1975). A
clear understanding of this issue is essential to the physical interpretation of the
theory.

Non equilibrium quantum field theory (Calzetta and Hu, 1988, 1995, 2000;
Danielewicz, 1984; Kadanoff and Baym, 1962) has evolved in the last few years
mostly in the context of nongauge field theories. In these studies, two tools
have proved extremely valuable, namely the closed time path (CTP), IN-IN or
Schwinger—Keldish formalism (Bakshi and Mahanthappa, 1963; Barvinsky and
Vilkovisky, 1987; Chou et al., 1985; Keldysh, 1964; Schwinger, 1961) and the
2PI or CJT EA. The former allows us to study the causal evolution of quantum
fields, in contradistinction to the IN-OUT or mixed advanced and retarded bound-
ary conditions appropiate to the study of scattering processes. The latter provides
a comprehensive framework where various nonperturbative approaches may be
most efficiently implemented. The need to go beyond simple-minded perturbation
theory is an universal feature of high energy nonequilibrium processes in nonlinear
theories.

When we survey the literature on gauge theories, we find that the one-particle
ireducible (1PT) IN-OUT EA is a well-developed tool, which has found its way
into most modern textbooks (Peskin and Schroeder, 1995; Weinberg, 1996). The
CTP formulation of gauge theories, although less widespread, has also been the
subject of several important investigations and may be considered well understood
(Geiger, 1996, 1997, 1999; Son, 1997). The 2PIEA, on the other hand, has only
recently come under study (Berges, 2004, Carrington et al., 2003; Mottola, 2003).
‘We hope this review article will stimulate new work into this field.

Of course, the subject of non equilibrium gauge theories is so vast that it
becomes impossible to make progress without some well-defined self-impossed
limitations from the outset. We will restrict ourselves to Yang—Mills and to non-
linear abelian theories such as QED and SQED. We shall make no explicit attempt
to discuss gravity, form fields, or string theories (Weinberg, 2000).

These self-imposed limitations in aims are correlated with some necessary
a priori technical choices. We shall discuss only the path integral Fadeev—Popov
quantization of gauge theories. Although we shall use BRST invariance at several
stages, we shall not apply methods such as BRST or Batalin—Vilkovisky quan-
tization, which really come on their own only in more demanding applications
(Weinberg, 1996). We shall use DeWitt’s notation and are deeply in debt to DeWitt’s
insights (Dewitt, 1964, 1967, 1979), but we shall not use the gauge-independent
formulation of DeWitt and Vilkovisky (DeWitt, 1987; Vilkovisky, 1984) (on this
subject, see the discussion in (Rebhan, 1987), nor more recent developments by
DeWitt and collaborators (DeWitt and Molina-Paris, 1998).
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When gauge symmetries are unbroken, there are no preferred directions in
gauge space, and all background fields will vanish identically. Therefore, the only
degrees of freedom in the 2PI formalism shall be the propagators or two-point
functions. Also, there will be no need to distinguish between the usual and the
DeWitt—Abbott gauge invariant EA (Abbott, 1981; Alexandrov, 1999; DeWitt,
1981; Hart, 1983), nor to introduce gauge-fixing conditions appropiate to the study
of broken gauge theories, such as the R& family of gauges (Weinberg, 1996). We
shall only assume that the gauge-fixing condition is linear on the quantum fields.
On the other hand, we shall be completely general regarding group structure, matter
content, (linear) gauge-fixing condition, and gauge-fixing parameter.

The main results of this paper are formulae (78) and (84) providing the def-
inition of the 2PIEA for gauge theories. We shall then use this construction to
discuss the Zinn—Justin identities and the gauge dependence of the propagators.
These are in some sense known results, and we include them to help the reader
to connect the 2PI to earlier formulations of non equilibrium field theories, and to
better appreciate its power.

The paper is organized as follows. Section 2 is a review of the path integral
approach to gauge theories, including the IN-OUT effective action and the Kugo
canonical formulation (Hata and Kugo, 1980; Kugo and Ojima, 1979; Ojima,
1981). This section stablishes our notation, and sets the standard for the new
developments that follows. Section 3 contains the main results, including the con-
struction of the 2PIEA and the proof of its structure as the sum of 2PI Feynman
graphs. In Section 4, we use the 2PIEA as starting point for the discussion of the
Zinn—Justin (ZJ) identity. In Sections 5 and 6, we use the ZJ identity to study the
gauge dependence and the structure of the propagators, respectively.

We have gathered in the Appendix some relevant formulae concerning
Grassmann calculus. For more details, we refer the reader to the monographs
by Berezin (1966), DeWitt (1984), and Negele and Orland (1998).

2. PATH INTEGRAL APPROACH
2.1. Gauge Theories

A guage theory contains “matter” fields ¥ such that there are local (unitary)
transformations g which are symmetries of the theory. The g’s form a nonabelian
(simple) group. Infinitesimal transformations may be written as g = exp[i e], where
the hermitian matrix ¢ may be expanded as a linear combination of “generators”
e = &4T,. The generators form a closed algebra under commutation

[Ta, Tpl =iCSpTc (1)

The structure constants C§ are antisymmetric on A, B and satisfy the Jacobi
identity.
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Gauge invariance of kinetic terms within the Lagrangian means that deriva-
tives are written in terms of the gauge covariant derivative operator D, = 9,, —
iA,. The conexion A, = A, 4T transforms upon an infinitesimal gauge trans-
formation as

Ay — A+ Dye @)
where
D,e =0, —i[A, ¢] 3)

Covariant derivatives do not commute, but their commutator contains no
derivatives

[Dy, Dyl = —iF,, 4)
where the field tensor
Fu=0,A, —0,A, —i[A,, Al Q)
Upon a gauge transformation
Fuw— Fu +ile, Ful 6)
therefore the object
—1
@ TrF* F, )

is gauge invariant. This is the classical Lagrangian density for the gauge fields, g
being the coupling constant. The total action § = Sy + S,,,, where

-1
So = / ddx<4—g2> TtF*™F,, )

and Sy, is the gauge invariant action for the matter fields.

2.2. DeWitt’s Notation

We may drop the distinction between gauge and matter fields, and con-
sider a theory described by a string of fields ¢ invariant under infinitesimal
transformations

8¢ = TS[ple” ©))

The commutation rules are the statement that the commutator of two gauge trans-
forms is also a gauge transform, namely

ST (] STE[¢]

567 5gr 14101 = TEI9ICT, (10)

TPI$] -
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The classical equations of motion read

8S
=0 (11)
Youd
and because of gauge invariance we must have the identity
> Ti[¢]1=0 12)
S AT

2.3. The Vacuum to Vacuum Amplitude

In the quantum theory, we expect the vacuum to vacuum amplitude to be
given by the IN-OUT path integral

Z =fD¢ei5 (13)

However, this integral counts each history many times, and is ill defined.

To cure this problem, let f4 be functionals in history space which are not
gauge invariant. This means that, given a history ¢ such that f*[¢%] = 0, and an
infinitesimal gauge transform such that f4[¢* 4+ 8§¢%] = 0 too, the gauge trans-
form must be trival; in other words

fA
Det[8¢ B[qb]i| #0 (14)

Now let us call ¢[¢] the result of applying a gauge transform parameterized
by ¢ to the field configuration ¢p. Then we have the identity

/ De Det [%w[e]ﬁsw[en] SLf gl —CH =1 (15)
where C# may be anything, and we can write
/ Ds f D¢ Det [ sg0 PLENTS [¢>[e]]} SLf [glell — C*1e®W (16)
Of course, S[¢] = S[¢[e]], and

a7

A 0TZ[P]
Dole] = D¢{1+ Tr—A" 557 }

so, provided

STilo] _

Tr
5P

(18)
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we find, up to a constant

SfA .
Z= f D¢ Det [JW[‘“T; [m} S ¢] — C" et (19)
Since the C4 are arbitrary, any average over different choices will do too. For
example, given a suitable metric we may take the Gaussian average

/ DCAe=(1/26)C"Ca (20)

Intergrating over £ and after a Fourier transform we find

- SFA . Apsy o 5
Z = | DeDhaDet| S QISP | exp{i | SIg1+haf (814 "
1)

h 4 is the Nakanishi—Lautrup (N-L) field (Nakanishi, 1966), and & the gauge-fixing
parameter.

2.4. Ghosts

We may write the determinant as a functional integral

7= /DwBDXAD¢DhA exp {i |:S[¢] +hafAe] + %hAhA + iXAAA“
22)
At = e plen 23)
~ eI

The w? and x4 are independent c-number Grassmann variables, namely the
ghost and antighost fields, respectively. Following Kugo and Ojima (1979; Hata
and Kugo, 1980; Ojima, 1981), and unlike Weinberg (1996), we have included a
factor of 7 in the ghost Lagrangian, which is consistent with taking the ghosts as
formally “Hermitian” and demanding the action to be “real.”

We assign “ghost number” 1 to wB,and —1to x4.

2.5. BRST Invariance
We may regard the functional
§ .
Seit = SIP1+ haf (91 + Sh'ha +ixan’ (24)

as the action of a new theory, built from the original by adding the N-L, ghost, and
antighost fields. By construction, this action is not gauge invariant in the original
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sense. However, let us consider a gauge transform parameterized by 8w®, where
6 is an anticommuting “constant,” namely

s¢p* = 0T ¥ [plw? (25)

Observe that, keeping the other fields invariant for the time being
5f 1] = 0a" (26)
SAY = Of B THIPITE [9loPwC + 0fLTHG1TE [Pl 0®  (27)

Since the ghosts are Grassmann, this becomes

1
SAA = 5efaf‘T;;[qa]cg,?cwcw’f (28)
These results suggest extending the definition of the transformation to
8ha =0 (29)
CSXA = i@hA (30)
1
Sl = EHCgBa)Ca)B (31)

Then S is invariant under this “BRST” transformation. Let us define the opera-
tor

d
QX] = 8X (32)

The operator 2 increases “ghost number” by one. Obviously Q2[4] = Q2[x4] =
0, but also

1
Q’[¢°] = T{ (1T [plo" 0" + STABIC g 0 =0 (33)
1
Q] = chB [CErofof 0 + CRrofof o] =0 (34)

These properties imply that actually 2 = 0 tout court (see Weinberg, 1996).
Also, observe that

Sett = So + Q[F] (35)
where

So = S[¢] (36)

is BRST invariant, and

1
F=—ixa {f"[dﬂ + Esh/‘} (37)
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(recall that Q[F] = —i(Qxal{f[¢] + %EhA} — XAQ[fA[¢]])). Also, observe
that, provided

Cily =0 (38)

the functional volume element is also BRST invariant.

2.6. Gauge Invariance—Gauge Independence of the Vacuum
to Vacuum Amplitude

It follows from the above that any gauge-fixing dependence (that is, depen-
dence on the choice of the gauge-fixing condition f*, gauge-fixing parameter & or
the metric used to raise indexes in the N-L field) may only come from a dependence
upon changes in the functional F'. Any such change induces a perturbation

8Z :iwaBDXAD¢DhAQ[8F] exp {i Seir} (39)

Now, call X" the different fields in the theory. Then

QISF] = (=¥ 8F.Q[X"] (40)
where g, is the corresponding ghost number. Integrating by parts (see, Gomis et al.,
1995), and provided the surface term vanishes, we get

8 .
§Z :i/DwBDXAquDhA(SF {ﬁ exp {iseff}sr[x']} 1)

But the brackets vanish, because of BRST invariance of Sei and because Q[X]
is divergence-free. Therefore the physicality condition is that the flux of any vec-
tor pointing in the direction of Q[X"] over the boundary of the space of field
configurations must vanish.

This shows by the way that F' could be any expression of ghost number —1,
since Ser must have ghost number zero.

2.7. IN-OUT, Vacuum Effective Action

Let us write the generating functional for connected Feynman graphs
exp{iW} = f DB Dy D¢Dhy exp (i[Seir + J. X1} (42)

and define the IN-OUT effective action as its Legendre transform

rx“1=wpi-J.x" 43)
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Performing a change of variables within the path integral corresponding to a
BRST transformation, the generating functional cannot change, and therefore

/DwBDXAquDhA exp {i[Sest + - X' T}, Q[X"]=0 (44)

but
J, =-T, (45)
and so we obtain the Zinn-Justin equation
I (QIX) =0 (46)
where

(R) = eXp{—iW}/DwBDXAD¢>DhA exp {i[Serr + /- X"I}R  (47)

On the other hand, if we simply change the functional F in Se by an amount
3F , we get, holding the sources constant

SW = exp{—iW} / DoPDyxsDpDhsQUSF] expli[Seit + J, X1} (48)

and repeating the previous argument
SW =iT, (FQ[X"]) (49)

Of course, if we hold the background fields constant, the sources will change
by an amount §J,. However, this extra variation does not contribute to the Legendre
transform, and so

ST =iT,, (§F; Q[X"]) (50)

2.8. The Canonical Approach and Nonvacuum States

In this section, we shall consider the concrete case where ¢% = AQ, faA =
880, and TS =840, + Cp Ag. We can write Sesr explicitly

—1
Seft = /d4x{4—g2FA“”FAW — 3 hp A

+ %hAhA +id,xa[850, + icg‘BAg]wB} 51

If we take Aaqz(a = 1,2, 3), ha, x4, and @? as canonical variables, then we
may identify the corresponding momenta (Hata and Kugo, 1980; Kugo and Ojima,
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1979; Ojima, 1981)
1 . .
Py’ = FM% pil = =AM py = —ilShd + CEpAG]" pus = idoxa
(52)
and impose the ETCCRs
[pxr, X'z = —id§ (53)

where we use anticommutators for ghost fields and momenta, and commutators
for all other cases.
The BRST invariance of S.s implies the conservation of the Noether current

) . 8Legr
b =QIX' 54
R (54)
We define the BRST charge
@= [ ooy, (55)
This is the generator of BRST transforms, since
X =0Q[X1=i[62, X" (56)
(since 6 is Grassman, we use commutators throughout). Then Q2 =0.
Sefr 1S also invariant upon the scale transformation
of - 0P, xB = ety 67
The corresponding generator
0= / *x{@® pos — xap} (58)

is the ghost charge. Ghost charge is bosonic, so [Q, Q] = 0. On the other hand,
2 has ghost charge 1, so

i[0,Q]=Q (59)

Both Q and 62 commute with the effective Hamiltonian.

Observables are BRST invariant, and so they commute with 6€2. Physical
states are also BRST invariant, therefore annihilated by 2. Physical states differing
by a BRST transform are physically indistinguishable, in the sense that they lead
to the same matrix elements for all observables, and so we may add the condition
that a physical state |¢) is BRST-closed (2|a) = 0) but not exact (there is no |8)
such that |a) = Q2| 8)).

One-particle unphysical states come in tetrads (Hata and Kugo, 1980; Kugo
and Ojima, 1979; Ojima, 1981). Let |N) be a one-particle unphysical state with
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ghost charge N, i.e.,i Q|N) = N|N) (any further BRST invariant quantum num-
bers are irrelevant to the argument, and shall be omitted). Call |[N + 1) = Q|N).
Then Q[N + 1) =0, and this implies that |N 4 1) has vanishing norm, since
(N+1|N+1)= (N +1|Q2|N) =0. Let | — N — 1) be the state “conjugated”
to [N + 1), in the sense that (—N — 1|N + 1) = 1 (since iQ is hermitian, this
state must have ghost charge —N — 1. Now (—N — 1|Q|N) =landso|—N) =
Q| — N — 1) is conjugated to |N). Observe that, without loss of generality, we
may assume that N is even.

Now let a;[,[ be the corresponding creation operators, namely |M) = a;[l|0)
(M =N, =N,N + lLor—N — 1).Thena},,, = [Q, a}]anda’y ={Q,a', ).
Now Q2 =0, so {Q,a},,,} =[R2, a’ y] = 0. Because [N + 1) and | — N) have
vanishing norms, we must have {ay 1, aI,H} =la_y, aiN] = 0; the conjugacy
relations imply {a_y_i, a,T\,H} = la_y, a,TV] = 1. The ay’s are destruction op-
erators, but ay destroys the | — N) (rather than the |N)) state, ay4; destroys
| — N — 1), etc.

It follows that the projection operator P; over the subspace of states with
exactly one unphysical particle may be written in terms of the projector P over
physical states as

Pl = aiNPaN +a1t]Pa7N +aiN71PaNH +a11{/+1Pa7N71 (60)
But then
P = Q[aiN_lPaN +a,TvPa_N_1] + aiN_lQPaN +a1]:/Pa—N

+aiN—1PaN+l —a,T\,QPa,N,1

= Q[aiN—IPaN +a,TVPa_N_1] + aiNflPQaN ~|—a;(,Pa_N
+aiN—lPaN+1 —a,TVPQa,N,1

= Q[aiN,lPaN +a,TVPa_N_1] + aiNflPQaN +a[T\,P{Q, a_n_1)
_aiN—lP[Q’ aN] _GLPQQ,N71

= {Q9aiN71PaN +a):,Pa_N_l} (61)

Repeating identical arguments for the spaces with n unphysical particles, we
conclude that the projector P’ orthogonal to P has the form P’ = {Q2, R}, where
R is some operator with ghost number —1.

We may now deal with the construction of statistical operators in gauge theo-
ries. In principle, a physical statistical operator should shield nonzero probabilities
only for physical states, and so it should satisfy p = Pp = pP. This is a much
stronger requirement than BRST invariance [€2, p] = 0. So, given a BRST invari-
ant density matrix p, we ought to define the physical expectation value of any
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(BRST invariant) observable C as
(C)pnys = Tr[PoC] (62)

However, Kugo and Hata (1980) (KH) have shown that the same expectation
values may be obtained by using the statistical operator e " p. The key to the
argument is that the commutation relation [i Q, 2] = 2 implies that, if |N) is an
eigenstate of iQ with eigenvalue N, then Q| N ) has eigenvalue N + 1. It follows that
{e772, Q) =0, since e "2 = ¢ We then find that, for any BRST invariant
observable C

(Cphys = Tr[PpC] = Tr[Pe ™ 2pC]l = Tr[e "2pC] — Tr[{Q, R}e "2 pC]
(63)

We must show that the second term vanishes, and this follows from {¢~ 72, Q} = 0
and [2, pC] = 0.

This suggest to define the expectation value (C) of any observable as (C) =
Tr[e ™2 pC]. Of course, this agrees with the physical expectation value only if
C is BRST invariant. For example, the partition function computed from e~"<p
agrees with the partition function defined by tracing only over physical states,
but the generating functionals obtained by adding sources coupled to non-BRST
invariant operators will in general be different.

The advantages of the Kugo—Hata ansatz are clearly seen by considering the
form of the KMS theorem appropiate to the ghost propagator. Let us define

Gilp(x, ¥y = (P[xi () @ (x)]) (64)
where P is the usual (CTP)-ordering operator. Then

Goap(x, x) = (xa(x) @p(x")) (65)

Glp(x, x) = —(wp(x) xa(x)) (66)

(observe the sign change, associated to the anticommuting character of the ghost
fields). The Jordan propagator is defined as G = G*' — G'2.
If we omitted the K-H ¢~"2 factor, we would reason, given p = e PH

Gip(x, x) ~ Tre P y s (x)wp(x)]
=Trixalx +iB)e PHop(x)] = —Gl(x +iB, x")  (67)

Therefore GiIB (w) = —eﬁ“’GLZB (w), leading to a Fermi—Dirac form of the thermal
propagators.
This reasoning is incorrect. The proper way is

GUe(e, Xy =Trle ™ yax +if) e P awp(x) = G (x +iB,x)  (68)

So G2L(w) = eP*G % (w), which leads to the Bose-Einstein form.
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Let us observe that in the path integral representation, the K-H factor does not
appear explicitly, but only changes the boundary conditions on ghost fields from
antiperiodic to periodic.

We conclude that in this formalism, unphysical degrees of freedom and ghosts
get thermal corrections, both being of the Bose—FEinstein form, in spite of the
ghosts being fermions (for which reason ghost loops do get a minus sign). For an
alternative formulation, see (Landshoff and Rebhan, 1992, 1993).

3. THE 2P1 FORMALISM APPLIED TO GAUGE THEORIES

We can now begin with our real goal, namely, the application of the 2PI CTP
formalism to gauge theories. We shall proceed with a fair amount of generality,
only assuming that the gauge condition is linear, and also the gauge generators
Tl =Tg, + Tm,e¢ :

The classical action is given by
fA
s¢~

To this we add sources coupled to the individual degrees of freedom and also to
their products

£

Sett = S[pl + haf Pl + = hAhA +ixas < 91Tg[lw” (69)

1
_O.Mvguev + Guwua-xa

‘ 1 1
X'J 4 =X Ky X® = jox®+0"%, + EKaﬂanﬁ +3

2

(70)

where x* represents the bosonic degrees of freedom (¢, /) and 6 the Grassmann

ones (w, x ), and we introduce the definition K,, = —K,,. Observe that j, «, and
o are normal, while A and ¥ are Grassman. o is antisymmetric.

We therefore define the generating functional
_ ) | -
eV = /DX’ exp {i [seff+ X"J. + 5X' KX“ (71)

Note that the information about the intial state is implicit in the integration
measure, and will reappear only as an initial condition on the equations of motion.
We find

«—

8
8J,

<«

5§ 070°

3Ky 2

where we introduce the bookkeeping devise 8" = (—1)%, where g, is the ghost
charge of the corresponding field, and 6™ = (—1)%%.

=X (72)

[X/‘Xx + GI'S] (73)
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We define the Legendre transform

sros

I .
F=W X'~ XK X~ ——GK, (74)

whereby
) r=60"|w > ) J | +070" | W > 8 K
sXr I, | [sx ™ K, || sx "

- 1) 1 - | R 8 _
— J] _ QISXS [ﬁ-’s] _ EK)‘SXS _ EQISX_Y |:8X’ Kﬂ} XI

| R 0%e" 8
_ _G.YrXsKsr _ GISGI),‘GSI —,Kst‘
2 2 85X’

rs /'tg‘vtgf v vi 8 1 S
=0"0 TXX ﬁKﬂ —Jr—EKmX‘

1 I3 I U
——0" X" | —K, | X' — 20" X*K,,
2 5X’ 2

| S R
=—J, — K, X’ — —0"X°K,, (75)
2 2

Now observe that K;, = 6"0°0"°K,;. In the end

8
8X"

I=—-J —K,X* (76)

In the same way

<« <«

5 8 8 b 5
C=0"0" |W— || —=J, | + 0765670 | W —K
8G’s 8J, [8G"S f]+ 5Ky, [SG"S "’}

_ 8 1 . - 8 _
_ertestxf [6G’_S J[} _ EQ}{QS{X[ [5GWKZ(1} Xq

6776’ 6'16¢

2 " 2

st 5
071007 16°1 G [3 o qu}

- - 0167 _ _ 8 1, = 8 -
— Qltestglqesq thq Ktq _ _eltesfxt _ Ktq Xq
2 3G”™ 2 sG’”s
93‘7'93 63‘)'95

Krv = - Krs 77
2 ) 2 7
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3.1. The 2PIEA

In order to evaluate the 2PIEA, let us make the ansatz

[ = S[X]+5070°G"S,, — %ln sdet [G"*] + T, — %QSG”GR?SI,A;

where
5| s
S, = _
58X’ 5Xs

and S is the classical action Eq. (69).
The corresponding ansatz for the sources are

_ ) _
Jr K]‘XXX - - —_F = —Sr J r
+ [(SX" :| o T2

K, = —20"6° [ r} =S, +iG, + Ko,

6G1‘s
The generating functional

. 1. _. 0o
W=T+XJ + EX’ K, X* + TGUK”

R | . ] . ] -
= S[X"1+ 5(9“ 0°G"S, — %ln sdet[G"] 4T, — %0“G”G,§§r

_ _ 1_. =
+X’ [ - S,r + JZI'] - EX’ [_ S” + ZGZI]A + 1(2”])(A
95795

+ TG“‘[ =S, +iGL, + Ko]

=S[X"1- %ln sdet[G"*]+ T, — X"

srpns

GK o
) 2rs

_ 1 >
X <Sr - J2r - E(Srs - lGZrls + sz)XS) +
SO
(sdet[G"*])"/? exp[iT2] = / DX’ expi[S(XHX"(—ST,r +J2)
1, - o -1 7s
+ EX ( =8+ lGLrs + KZI*S)X‘ - X ( i lGLrs + KZ’AS)XA
ciom L or (e Lo ws 1 et os L s
— S[X ] + X Sr - ESI‘SX + EGLrsX - J2r + EKZI‘SX

| R
_ EGIJQSI QSKZI'S}
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(78)

(79

(80)

81

(82)

(83)
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or else
e = (sdet[G"*]) /2 f D§X" expi[AS + ’Eax"Ggﬁsaxs +8X" T,

93’”93‘

+ [6X"8X° — G”]KM} (34

where :
AS = S[X" +6X"]1-8[X"]— (SX"S',,A — EBX"S,,S(SXS (85)

I'; is the sum of 2PI vacuum bubbles in a theory with free action iGZ:S and
interacting terms coming from the cubic and quartic terms in the development of
§ around the mean fields.

In spite of appearances, the new term 95G”G};r is a constant. To see this,

parametrize
oo (HY N 6
- NuB MM
leading to
-1 Haﬁ NVO(
GRsr = Y, (87)
N,y M,

Then, because they are inverses, we must have
H*Hg, + NN, =&
HN,s +N"“M,, =0
N“YHg, + N“"M,, =0
N“N,s +M"™M,, = 8" (88)
and therefore
O‘YG”G;XI,. = (H“ﬂl-_lﬁa — N"N,o) + (N”’gl\_/uﬁ - M"M,,)
=382 —2N"“N,o — (84 —2N"PN 5) = 8% — 5" (89)

independent of G™*. It may therefore be discarded.

3.2. The Reduced 2PIEA

Let us now investigate the Schwinger—Dyson equations
8
85X
8
r
8GI"S

r=0

=0 (90)
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From Eq. (78) we get

1 ) 1)
S[IX"]+ =6P1019"P9"1GP1 S — I =0
sx SX T sxror T ax

07 0°S,s — 60767 (G 2 Ih=0 91
i ( ) + 3G 2 On

The second set of equations may be rewritten as
00°S,, —i6"(G.")  + 23(} —TI=0 (92)

and finally as
)

S —i(G['),, +20"6° —T, =0 (93)

5Grs

The classical action is given by Eq. (69). If we expand X" = X" + §X”, then
the quadratic terms are

SO = SOUG, 591+ 8h 159" + SohShs + 15 TS (Blo0
i XA L T 55000 80" +idxa [T 5,80 0" (94)
The cubic and quartic terms are
SOV = SCV[G, 8] + i8xa [ Tiyp0¢" b0 95)

Observe that I'; is independent of the gauge-fixing parameter, and that there are no
h field lines. To take advantage of this fact, it is convenient not to couple sources
to the % field. In this way, I'; is independent of the h field, and the respective
variations are exact, namely

faA(ﬁa + SITLA =0
§8a — i[GZI]hhAB =0

A . —17A
fa _I[GL ]h¢a = O
—171A —17A
[GL ]th = [GL ]th =0 (96)
We may then write the equations
(G ipapGhy + (G Nunas Gy = Sxncs$ 97
fﬁ Gﬁ] + éth = 18X11C5 98)
namely
-1 ,
Gl =— 1[Gy, X=¢.x. 0 (99)

£
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and

1 c 1[1
GCy = =[ — fapGES + i8S =—[—
hha = g [ BY ¢n A] £lg
which is of course what we expect from the N-L field being Gaussian. We could use
these formulae to actually eliminate the N-L field from the 2PIEA, thus obtaining
a reduced effective action.
We shall assume that all fields with nonzero ghost number vanish, i.e.,

FasfEGh + iag] (100)

D=3=GCpo=GCyy=GCup=GCuon=Gyy=Gy =0  (101)

Since the effective action itself has zero ghost number, it cannot contain terms
linear on any of the above, and therefore this condition is consistent with the
equations of motion.

Given these conditions, we have, besides the equations determining the &
propagators, the further equations

(G gpap Gl + (G gnanGry = 87
(G ggasGly + (G NpnasGhr =0 (102)
leading to
_ i
|:[G gpup + ngaf,f] G% =4,
i 1
[[G_l]¢¢aﬂ + gfsaf,f} Ggf = nga5BC (103)

The second one gives nothing new, and the first yields

_ - i :
(G Noous = [Goglup — g foafy’ (104)
so, finally we get the equation for the gluon propagator
1 o sT
Sewp = 7 Foafd —i[Goplos +2—ag =0 (105)
3 8G 4y
The other nontrivial equation is
’ - 4 8F
—ifA TG + iG] 42— =0 (106)
@x 8G,a

In deriving this equation we must consider wa 4and G gx 4 as independent
quantities.
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3.3. The Abelian Case

In the abelian case the classical action is quadratic, the 2PIEA is exact
(I', = 0). Since we know that SogTg = 0, it is natural to decompose G =
G + G, where f8G% = $,4,G?” = 0. Then

1

EfffB,ﬁcﬁV =5 (107)

SupGEY —
Observe that
o Y -1 o
Py = fop[fe,Th] T (108)

satisfies PL2 = P and kills vectors orthogonal to the gauge direction. In particular,
Pf‘y Sep =0, s0

. o . —1
18 fopGl = 4ikPly = G = 4ig[fE f, ] PL, (109)
and
SsGY =i(8L — PL) (110)

This shows that the dispersion relations in the transverse part are determined
by the zeroes of the classical action, and are therefore gauge independent, unless
(8% — PJ,) is pathological.

3.4. Some Explicit Formulae

As before, the classical action is given by Eq. (69), the quadratic terms by
Eq. (94), and the cubic and quartic terms by Eq. (95), where

- 1 - 1
SEVIB, 001 = <8, |P1SH"SO7807 + - S,,,80%80 097 5¢"  (111)
The two loops approximation for I'; reads

1
[a = 57 Supys (007597507 60" )om
+ L83 15150, [61(56%80" 567 507 80 567 )
72 afy a' By’ 2P1
i . , ,
= 5 i Tiap S T 04807 80" 81 80" 60" )om
ot B, BIGS Go Gy

1 i
— 2 ¢@ ~af~yd
= 1 5upy8C 500 o T 155y [P1Sepy

i . -
+ Ef(;‘T;*Bﬁfa/? (s Ghy GE LGE (112)
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We may now write the Schwinger—Dyson equations

0= S( ot hAfA + Sc aﬁy[(p]Gﬁ + = fﬁ Tlfj?anwA

(4) (3) 71288 BB VY
tg Saﬁyss 'y (916 59G gy Gy
0= Seap — i[G Tppup + S5 Gl + ;?V (615, [#1GLGLY

+if, TlBaf’,leBﬂGBxAwaA
0=—if}Te¢1+i[GL ] ATy £ T 5 GH GE (113)

So finally we get the equation for the gluon propagator

el ) )
0= (‘ af — £ fBa f/s - Z[G¢¢] Saﬁy(sGy
zsg?y[msg?y [¢]G55’G” Fif AT, fA’TIVB y GE , (114)

The other nontrivial equation is Eq. (113).
Let us assume there is a solution with ¢ = 0. Then, since S, T7 = 0butalso
S«[0] = 0, we have the identities

SapTy + San(B,g =0= SyT5[0] =0
SapyT5 + SupTipy + SayTigsg =0
SaﬂySTBa + SaﬁyTﬁ;s + SaﬂSTlaBy + SayéTlojBﬂ =0 (115)

4. THE ZINN-JUSTIN EQUATION

We wish now to derive the Zinn-Justin equation appropiate to I';. The key
observation is that under a BRST transform within the path integral, only the source
terms are really transformed. Therefore

QLX) + %9"595<Q[X’AXS])K;-S =0 (116)

- [5j{ F]

K, = —20"6° |:

The sources are

Jr + Kr.v XS

o r] (117)



Two-Particle Irreducible Effective Action in Gauge Theories 787

leading to

ST ] 1
0= (QUX']) | — + K., X* | — =670% QX" X*IK,,
(@l ]>[8X,,+ } 2076 (QUXX°)

r SF rsns r v S _l rys
= (Q[X ])ﬁ +6"0 [(Q[X nXx 2(Q[X X ])} Ks

8X"

For simplicity, we shall assume that all background fields vanish.

Since the Z-J operator has ghost number 1, it makes no sense to assume that
all quantities with nonzero ghost number vanish, as we have done in the previous
section. However, we may still “turn on” these quantities one by one, and thus
obtain partial Z-J identities. For example, we get three identities relating quantities
with zero ghost number by requring that the coefficients of @ and G, vanish (we
shall not investigate the first, as we are assuming no nonzero backgrounds, and
we are working throughout with the reduced 2PIEA). This means that we may
still set

oI . e 1)
= (QUX']) = + [(QIX"X*]) — 2(QUX" ] X’] [mm F} (118)

D=X=Gpo=GCGyy =Gyp=Gy, =0 (119)

and retain only terms linear in G4 and Gy,. In this approximation, terms with
ghost number neither 0 or 1 must vanish identically, so

(Q[w”]) = (QLoP ") = (QAUI0P]) = (QAUP*0"]) = (Rxaxs]) =0
(120)
and

or or or or T
== = =0 (121)
Sw 8G¢a) ‘SthA awa 5GXXAB

Also, since there are no preferred directions in gauge space, objects with a single
gauge index must vanish out of symmetry, and therefore

o A sT
(QLo%]) = (U] = (QUxal) = ﬁ[ol =0 (122)
Finally, observe that at zero external sources,
s er 64T
ShA ~ 8GY,,  8Guas  0Gumas

0 (123)

In other words, from the terms in Eq. (118) we keep the terms in ¢, ¢ x, and xw
only.

Equation (118) must vanish at the physical point, since each coefficient van-
ishes. What is remarkable is that it vanishes identically, even if Ggg # 0. Now

8T/ GZ‘; and §T'/6G fjx 4 have ghost number zero, and therefore contain no terms
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linear in ng. We conclude that, to linear order in ng, we may write
o 6"
Qo XA])W ~0 (124)
ox
Where ~ means up to terms proportional to the equations of motion.
The transforms involve cubic terms

Qo xal = T [Plw” xa +i¢ ha (125)

The corresponding expectation values may be computed by adding to the
classical action a new BRST-invariant source term

R a2 xa] (126)

so we can write explicitly the action

S =S¢l +hatle” + %h% +ixaf Ty 190"
+ &5, [T5[0]e® xa + id*ha] (127)
The quadratic terms are
SO = SOUG) + ha FL9+ Sh A +ixa FLTEI0)0”
+ 74 [T5 [0]” xa +i¢“ha] (128)

The cubic and quartic terms are
SOV = SEDP) + ixa [ Tippd o + kYo Tippd 0 x4 (129)
so the missing expectation value is (cf., Eq. (78))
8y

(QUP* xal) = GL ATFI01 4G4 + 7 (130)
xo
and the Z-J identity reads
[GB TE[0] +iGY, , + 8F2] o o (131)
wxAlB 1Gga T —a | sraa >
5K¢Xa SGM
Now
8T —ic
8GaA = T[GL ]qﬁxaA (132)
x
and

[Gzl]deaA = _|:[GL1]¢¢aﬁ + ;_f"‘cfﬁc:|Gg£ [GEl]waB
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~ ~[6y]up GGk Tyunc (133)
SO
o -1 - A —ia 80 -1
(70001 16 e i+ 16 gz (0L |
xo
xGoh~0 (134)

We must still compute the derivatives with respect to the external sources.
Within the two loops approximation, we have

6T,

8K¢Xa - <(XFf T{ps®° )Tl()(Epd)pwEXA)zPI

== fyFleDBTlaEpGEMFwaAGi% (135)
so finally

- L
172001 = £/ 7T, GGGl = (64 i 0L 0

(136)

5. GAUGE DEPENDENCE OF THE PROPAGATORS

To investigate the gauge dependence of the 2PIEA, recall Egs. (35), (36), and
(37). Upon a change 6 F in the gauge fermion F, holding the background fields
constant, we get

8T e grs = W1, (137)

With the same argument as for the 1PIEA, this leads to
) 1 .
8T gr grs = i{(&FQ[X’ N, + EO’SQS}((SFQ[X’ X' DK, (138)

Use Eq. (117) to get

8T o R
5T |5 grs :i{(@FQ[X’])ﬁ + [(BFQIX"X°]) — 2(8F QX" )] X" [SGMF]}
(139)

As before, we shall assume that all background fields vanish and that at such
a point I', vanishes identically, so the above expression simplifes to

2

I';
IG"

8Clgrgs =Y" Y™ =i(§FQX"X*]) (140)
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At the physical point, the Schwinger—Dyson equations now read

5 l"—f-Y”LF:O (141)
3Gt 3G§GTs
Of course, the solution is now G** + §G%, so
52
(m[‘)[(SG” +Y"]1=0 (142)
Since the Hessian is suppossed to be invertible, we must have G™ = —Y ™.

Let us also assume that all propagators with nonzero ghost number vanish.
Thus we are only concerned with

8T\ g gre = (8FS2[¢“¢5])£ + 2(8FS2[XAa)D]>L
’ 5G3h 5GD, 4
QUp%¢?) = TPl ¢ + ¢°T) [plo?

1 :
Qlxaw®] = ih 0P — EXAchw‘wB

1
8F = —ixa{sf"¢1+ 561" (143)

As before, we compute the corresponding expectation values by adding suit-
able sources to the action. These sources correspond to four- and five-legged
vertices. Now, recall the conventional argument that

[—1=i=> v,
2i = v, =0 (144)
In our case, we have vertices with three, four, or five legs, and / = 2, so
2i —3vz3 —4vy —5vs =0
I =14v3+vs+vs
2—v3—2v4—3v5=0 (145)

We are interested in the case where vs = 0 or 1. In the latter, we get an
impossibility, so we must have vs = 0. Since we may discard the case whenvs = 0
too, we must have v4 = 1, v3 = 0, i = 2. In other words, to two loops, the only
contributions to the expectation values are those where there are only four fields
involved, and these contract among themselves.

In conclusion,

1
SGZ‘; = Tl |:8fVB<XB¢ywA¢ﬂ) + EgE(XBthA¢ﬂ>] + (o < B)
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b))
= —TA“[O][(Sff - %ff](wayw%ﬁ) +(a < B)

o 5§
= —T¢ [0][5ff ~ % f]cggcﬁw + (@< B) (146)
We may also write
_ _ &
5G¢>¢1aﬂ = G¢<;aaTj[0] I:SfﬂB - EfﬂB]G?wB + (@< B) (147)

This shows that the zeroes of the inverse propagator are gauge invariant. To
lowest order, the Z-J equation

_ I
[[Tg[O] — I Ties TG or G ool [Goog lus — E[GRI]XwACf;]Gig ~0

(148)
implies
' 8
8Gf;<;aﬁ = ;_[Gl_el]wacflxc |:6fﬁB - %fﬂB}G?wB + (¢ < B)
_ifoB‘FfsB—ﬁB 149
~ g |88 8481, Ef/f}fBa (149)

This is the result we wanted to show.

6. PROPAGATOR STRUCTURE

We shall try and apply the foregoing to clarify the structure of the two-loop
propagators. Let us begin with the equation for the ghost propagator (cf., Eq. (113))

(G 5 = FL[TE[0] — £ TissT e p Gl GE, 4] (150)
This suggests defining
Py = [TE1P1 — [Tl Tl s G GE L\ |GE  f§ (151)

which is a projection operator
PPl = Pf, (152)

Now consider the Takahashi—Ward identity (cf., Eq. (136))
o o Apa’ B’ 17:4 -1 i
(75101 = Tl £, Gun G0 [ G0l — &

[GI_QI]XwABfAA ~0

(153)
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It becomes .
Pis[Gplus — ;—[GEl]XwAfoAGﬁxcfﬂ ~ 0 (154)
That is .
Pig[Gglur — ;_fAAfA/S ~0 (155)
Therefore .
[Goplos = [Groglur + ;—foan, PZa[G¥;¢]m ~0 (156)

Comparing with the gauge-dependence identity Eq. (149), we see that the trans-
verse part [G . ; ly» 1s gauge-fixing independent. Comparing with the equation of
motion Eq. (114) we get

o 4 5L 0B 17100 s Y
0= Seawp —i[Griy] 5+ SuysGha + Es;;y [$1S5y., [$1G5,GLY

+if T o £ TGy aGoy (157)

The decomposition of the inverse propagators leads to arelated decomposition
of the propagators themselves. We have

I
gfyAfA)\G;'(‘; = PL’BV (158)
Therefore
Gy = Gilyy —iELEL, (159)
where
Ly = [THP] — fATS% Tiy s Glh GE LIGE (160)
and
G, =0 (161)
Observe that
Pry ngfﬁC (162)
and so
PiyPL, = LES§ L LY = fiLh =5 (163)
‘We now have
_ i N .
[[Gn}w]m + ngAan:| [GT§>¢ —iELELP] = 8f (164)

SO
— A B
(G746 )urGTgo = 85 — Pl (165)
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APPENDIX: GRASSMANN CALCULUS

To be definite, we shall collect several known results concerning Grassmann
calculus, which are necessary for the evaluation of the 2PIEA. For more details, we
refer the reader to the monographs by Berezin (1966), DeWitt (1984), and Negele
and Orland (1998).

Let us consider a set of independent Grassmann variables £". We define the
left derivative d/9&" from the properties {0/0&%, £V} = 6§, 01/3&" = 0.

We also define Grassmann integrals

/d%.u%.v — 814\” /dét{l — 0 (Al)

Observe thatif§ = an,thend¢ = a~" dn (this follows from [ d& &€ = [ dnn).
This allows us to prove the basic Gaussian integration formula

—1

/d"f exp {7§MMW§V} o« vVdet M (A2)
Let us now consider the more general expression
-1 ,
/d”S eXP{TE"MME" +i9v?} (A3)
where the 6’s are themselves Grassmann. Then, since M must be antisymmetric,
EMMuvsv - Zievév = (SV - l.(M_l)ngw)Muv
X (8" —i(M~1)"6,) =6, M~)"6,  (A4)
SO
-1 o 1 Ly

d"& exp 7$”Mw‘§‘ +16,&V § o« Vdet M exp EQM(M Yo, 1 (AS)

By differentiation, we get

dMEEVEY —1 u ' 82 d"
[ arsee exp{Ts M }— o | ¢

-1
X exp {TE”M,,VSV +i9v$”}

6=0
o ~/det M (M~1yw (A6)

This also follows from an integration by parts

—1 —1
/d"%é“é" eXp{Té”Mwé"} =M-H" /d”éé”waéx exp {TE”MW?’}
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d
agv

~1
— (Mfl)wv/dn%.&.u eXP{TEMngV}

—1\wv n ai_-u —1 u v
=M") /d S[BEW}GXP{ ) §"M,§ }(A7)
Observe that integrating by parts a Grassmann variable does not change the
sign.
We are interested in quadratic forms involving both Grassmann and nor-
mal variables. Let X” = (x%, &), where the x’s are normal, and consider the
expression: X" "M, X* 1= x*Hygs +&"M,,§" + 25" N, x*. We shall call the

object
Ha _Nva
(Nu,% s ) (A3)

a supermatrix. Observe that H is normal and symmetric, M is normal antisymmet-
ric, and N is Grassmann. Suppose the supermatrix M has a (right) inverse MRTI
with elements

(e, )
Then
Hyg HPY + Ny N7 = 8
Hyg NP — Ny M™ =0
NyHP — M, N =0
NN + M, M =8} (A10)
Therefore
N"? = (HY*N, oM™ = (M~ )'N,, H"" (A11)
A = [Hop + Now(M ™) Np, ] (A12)
M" = [Muy + Npu(H PNy ] (A13)

We wish to check that both representations of N'# are equivalent. This means
that

(H—l)ﬁaNWMuv — (M_l)“VN,,yHyﬁ (A14)
Multiply both sides by [Hgs + Ng, (M ™)V Ny, ]
(H™"Y¥NouM" [Hgs + Npo(M ™) Ngy | = (M) Ny, (A15)
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Multiply both sides by [M,. + Ng,(H~")P*Ny.]
_ (Hfl)ﬁ“Naz[H,sa + NﬂX(Mil)IyNﬁy]
= (M7 Ny [My: + Ny (H™)P“ Ny ] (A16)
‘We must check that
(H™ YNy Ng (MY Ngy = (M) Ny Ngo (H™YP N, (A17)

which is true, because the N’s are Grassmann and M antisymmetric.
By the way, the left inverse is given by

M; ! = (f_iaﬁ —{\7 m) (A18)
NuB gy
Let us suppose we use a supermatrix to implement a change of variables
X =My’ (A19)
Spelled out in full,
= Haﬁyﬂ — Ny,
g = N"ys + M, (A20)
From the first equation
y=H '(x+Np) (A21)
So
£E—NH 'x =M +NH 'N)y (A22)

It follows that
d"xd™& = d"xd™(€ — NH 'x)
det (M + NH™'N)~'d"xd™y

= det (M + NH'N)~"det (H)d" yd"n (A23)
So, if we define
sdetM = det [M**]det [(My")""] (A24)
then X = MY implies dX = (sdetM) dY. Observe that
sdetMy,' = (sdetM)~! (A25)

Indeed
sdetM' = [det (H +NM~"'N)]~" det (M) (A26)
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so we need to show that
det (M + NH™'N)~'det(H) = [det (H + NM~'N)][det (M)]"' (A27)
or
det(1+ M 'NH'N)™' =det(1+ H 'NM~'N) (A28)

This follows from the N’s being Grassmann. To show this, observe that we
can always diagonalize H and reduce M to 2 x 2 blocks, so we may assume that
H~!' = hisascalar, N = (6, 6,), and

0 m
M = ( ) (A29)
-m 0

. 0 016>
NH™'N = h (A30)
—0,6, 0

Observe that

while NM~IN = 2m#6,6,, so everything reduces to
(1 = mh6,6,)™% = 1 + 2mh6,6, (A31)

which is true because only the linear term in the Taylor development of the left
hand side survives.
We can now prove the Gaussian formula

—1
/ dX exp {TXMX} o (sdetM)~!/2 (A32)
Let us now compute

-1
deX’XS exXp {TXMX}
(X'X*) =

- (A33)
[ dX exp {TXMX}
Observe that

XX = X" (M) Mg, X = 0750 (M; ") X" My, X (A34)
On the other hand

-1 -1 -1
exp {—XMX} = T[M,MX“ +60'X"M,,] exp {TXMX}

axX' 2

-1
= —M,, X" exp {TXMX} (A35)
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Finally
d . : o OF
X X'F=8F+0"x X (A36)
Putting all together
(XX = 6" Y = (M) (A37)
This shows in particular that
In (sdetM) = 0”6”5 (M')" (A38)

rs
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